Abstract. Let Z=p act on an F p -Poincaré duality space X, where p is an odd prime number. We derive a formula that expresses the F p -Witt class of the fixed point set X Z=p in terms of the
Given a prime p and a finite dimensional Z=p-CW complex X which fulfills Poincaré duality over F p , a theorem of Bredon ([4] ) and Chang and Skjelbred ( [7] ) predicts the fixed point set components of this Z=p-action to be F p -Poincaré duality complexes, as well. Furthermore, the formal dimension (with F p -coe‰cients) of each fixed point component has the same parity as the formal dimension of X. It is the purpose of this paper to derive an analogue of the classical Atiyah-Singer-Segal G-signature formula in this context, if p is odd (the case p ¼ 2 is easy, see Section 3). Our main result is Theorem 7 below and can be stated as follows.
Theorem. Let the formal dimension of X be an even number 2m and let an F p -orientation n of X be fixed. Additionally, assume that H Ã ðX ; Z ð pÞ Þ does not contain Z=p as a direct summand. For each component F H X Z=p , let wðF ; r F Þ A W ðF p Þ denote the Witt class of the inner product on H ev ðF ; F p Þ induced by the cup product and the orientation r F of F (which depends canonically on the orientation n of X, cf. Theorem 3 below). Then the element P This form is defined using the multiplicative structures of the group cohomology of Z=p and of H Ã ðX ; F p Þ and the orientation n.
In particular, we do not assume that the orientation class of X can be lifted to an integral class or to a class with Z ð pÞ -coe‰cients, as it is the case in analogous discussions in [1] and [12] . In this respect, the content of this paper should be viewed as complementary to these previous results.
The new feature of our approach is a careful analysis of the LðsÞ-module structure on H Ã ðX Z=p ; F p Þ, where LðsÞ denotes the exterior algebra over a generator s A H 1 ðZ=p; F p Þ and X Z=p denotes the Borel construction (cf. Prop. 9). In the first part of this paper we develop a computational tool that proves to be very useful in order to carry out this analysis within the Leray-Serre spectral sequence for the Borel construction X Z=p , but might be of independent interest.
Connecting homomorphisms on spectral sequences
We take coe‰cients in a fixed commutative ring k with unit. Let ðA Ã ; d A Þ; ðB Ã ; d B Þ and ðC Ã ; d C Þ be Z-graded k-modules equipped with di¤erentials of degree þ1. Furthermore, we assume that each of these di¤erential modules comes with a decreasing filtration
which is indexed over the integers and respected by the di¤erentials, i.e.
Here X stands for either A, B or C. [17] , 5.5, where a detailed discussion of convergence properties of spectral sequences can be found). Now we additionally assume that we are given a short exact sequence
of filtered cochain complexes with the property that for each g A Z, the induced sequence
is exact. In particular, we get an induced short exact sequence 
Note that the next theorem applies in particular to the first nonzero G r . 
ii. G r; e d rþe ¼ Àd rþe G r; e and-using this property-G r; eþ1 is induced by G r; e .
iii. If E Ã ðAÞ and E Ã ðCÞ are convergent, then
is induced by the connecting homomorphism H Ã ðCÞ ! H Ãþ1 ðAÞ associated to the short exact sequence (1).
Proof. We use a construction due to Eilenberg and Moore ( [10] , equ. (7.16)) and define a decreasing filtration on the mapping cone of the map f by setting
Recall that the mapping cone is equipped with the di¤erential 
The map a : coneðfÞ Ã ! C Ã is defined using the universal property of coneðfÞ Ã and provides a factorisation
of c, where a is filtration preserving. The map p : coneðfÞ Ã ! A Ãþ1 is the projection map. This map anticommutes with the respective di¤erentials and increases the filtration degree by r À 1. Applying the five lemma, we see that Hence, E rþe ðaÞ is an isomorphism for all e b 0. Assertions i., ii. and iii. in the theorem follow.
r
By applying the standard machinery of homological algebra, an analogue of Theorem 1 holds, if we replace A Ã , B Ã and C Ã by chain complexes in an abelian category and work with the Grothendieck spectral sequence associated to the composition of two functors. This generalisation is mainly technical and we leave it to the interested reader.
Example 2. Let F ,! E ! B be a Serre fibration. The Leray-Serre spectral sequence (with its multiplicative structure) for this fibration can be constructed by a filtration on the cubical cochain complex SC Ã ðEÞ associated to E (cf. [16] ). In particular, the exact sequence of coe‰cients 
is induced by the sequence of coe‰cients
which is exact by the assumption that b ¼ 0. The operator G 2; e restricted to E Ã; 0 2þe ðE; F p Þ is induced by the usual Bockstein operator on H Ã ðB; F p Þ. In this sense, G 2; e reflects the 'Bockstein on the base' rather than the 'Bockstein on the fibre'.
Actions of Z Z/ p on Poincaré duality spaces
In this section we shall apply the discussion of the last section to the cohomology theory of transformation groups. Let p be an odd prime number and let X be a finite dimensional Z=p-CW complex that is an (oriented) Poincaré duality complex over F p . By definition, this means that H Ã ðX ; F p Þ is finitely generated over F p , there is given a natural number n, the formal dimension of X, and an element n A H n ðX ; F p Þ, the orientation of X, such that
denote the fixed point set of the Z=p-space X. We recall the following fundamental result.
Theorem 3 ( [4, 7, 11] ). Each component of X Z=p fulfills Poincaré duality over F p and has formal dimension equal to n mod 2. The orientation of each component of X Z=p can be chosen to depend canonically on the orientation of X.
We remark that the components of X Z=p do not fulfill Poincaré duality over Z, in general, even if X is a sphere, unless the Z=p-action is assumed to be locally linear. Examples are provided by the converses of the P. A. Smith theorems ( [13] , Corollary 3.1).
Similar to the signature for topological manifolds, we can associate an invariant to an F p -Poincaré duality complex using a nonsingular bilinear form on its F p -cohomology.
Definition 4. Let Y be an F p -Poincaré duality complex of even formal dimension and let
be an orientation of Y. We denote by wðY ; rÞ A W ðF p Þ the Witt class of the nondegenerate symmetric bilinear form
where
For the definition and the properties of the Witt ring W ðkÞ associated to a commutative ring with unit k, see for example [2, 15] . For our purposes we recall Z=p to invariants associated to the cohomology of X. Results of this type can be regarded as analogues (for actions on Poincaré duality spaces) of the classical G-signature theorem. In [1] , the authors derive such a relation, if X fulfills Poincaré duality over Z. This assumption is weakened in [12] to X satisfying Poincaré duality over Z ð pÞ , a property that is in fact equivalent to the orientation class of the F p -Poincaré duality space X being liftable to homology with coe‰cients in Z ð pÞ (see [12] , Proposition 3). be the mapping torus of f . One checks that N is (homotopy equivalent to) an F p -Poincaré duality complex of formal dimension m þ 1. But the orientation class in H mþ1 ðN; F p Þ cannot be lifted to a class with coe‰cients in Z ð pÞ , because H mþ1 ðN; Z ð pÞ Þ ¼ 0. Hence the study of Z=p-actions on N (concerning the comparison of Witt classes) cannot be carried out using any of the previously known results.
In the following, we need some explicit calculations of Tate cohomology groups. Let g be a generator of Z=p. Recall (cf. has an explicit description on the cochain level, given by ðu n 1 n t i ; v n 1 n t j Þ 7 ! hðu n vÞ n 1 n t iþj ; ðu n 1 n t i ; v n s n t j Þ 7 ! hðu n vÞ n s n t iþj ; ðu n s n t i ; v n 1 n t j Þ 7 ! ðÀ1Þ d hðu n gvÞ n s n t iþj ; ðu n s n t i ; v n s n t j Þ 7 ! ðÀ1Þ
If the Z=p-action on W is trivial, the last formula simplifies to ðu n s n t i ; v n s n t j Þ 7 ! ðÀ1Þ dþ1 hðu n gð1 À gÞ pÀ2 vÞ n 1 n t iþjþ1 :
The next proposition is well known (cf. [8] , pp. 638, ¤.). But our method of proof is di¤erent from previous ones and is tightly connected with the forthcoming discussion.
Proposition 6. Let V be a finitely generated Z=p 2 ½Z=p-module that is free over Z=p 2 . Let g be a generator of Z=p. Then there is an F p ½Z=p-linear splitting
where V i is a free F p ½x=ð1 À xÞ i -module and x acts as multiplication by g.
Proof. By applying the structure theorem for finitely generated modules over the principal ideal domain F p ½x, we obtain an F p ½Z=p-linear splitting
where each V i is free over F p ½x=ð1 À xÞ i . In our situation, however, the summands V i for i 0 1; p À 1; p cannot occur: Because V is free over Z=p 2 , we have a short exact sequence of Z=p 2 ½Z=p-modules
which induces a connecting homomorphism It follows x A s ÁĤ H Ã ðZ=p; V n F p Þ (using dðsxÞ ¼ tx À sdðxÞ), which proves injectivity of f. Now, let x AĤ H Ã ðZ=p; V n F p Þ. Then pðxÞ n 1 þ p dðxÞ t n s is a preimage of x under f which shows that f is surjective.
In particular, using the above splitting of V n F p , eachĤ H Ã ðZ=p; V i Þ has to be a projective LðsÞ-module, hence a free LðsÞ-module, because LðsÞ is a local ring with unique maximal ideal ðsÞ.
But now one checks by a direct calculation, using the formulas written down previously, that for i 0 1; p À 1; p, multiplication by s is the zero map onĤ H Ã ðZ=p; V i Þ andĤ H Ã ðZ=p; V i Þ 0 0. Note that on the cochain level, (left) multiplication by s Â H H 1 ðZ=p; F p Þ onĤ H Ã ðF p ; V i Þ is (up to sign) given by the maps v n 1 n t i 7 ! xv n s n t i ; v n s n t i 7 ! xð1 À xÞ pÀ2 v n 1 n t iþ1 :
This concludes the proof of the proposition. r
Using the notation of the last proposition, suppose that on V n F p , we are given a nonsingular ðÀ1Þ e -symmetric bilinear form g, where e ¼ G1. It follows from [14] , Theorem 3.2., that the direct sum decomposition
can be assumed to be orthogonal with respect to g. We denote the nonsingular bilinear form induced on V i by g i .
We will now suppose additionally to the standing assumptions that the formal dimension of X is an even number 2m and that the Bockstein operator b : H Ã ðX ; F p Þ ! H Ãþ1 ðX ; F p Þ is the zero map. This last requirement is equivalent to saying that H Ã ðX ; Z ð pÞ Þ does not contain Z=p as a direct summand. For simplicity, we also assume that X is connected. In particular, H 2m ðX ; F p Þ G F p with the trivial Z=p-operation. Furthermore, we fix an orientation n of X. Let g be a generator of Z=p as before. Set V Ã ¼ H Ã ðX ; Z=p 2 Þ. By our assumption on b, this is a finitely generated Z=p 2 ½Z=p-module that is free over Z=p 2 . Further, V m n F p (that is concentrated in degree m), comes equipped with a nondegenerate bilinear form g that is symmetric if m is even and antisymmetric, if m is odd. This form is invariant under the induced Z=p-action on V. We define wðX ; nÞ A W ðF p Þ as the Witt class of the nonsingular symmetric bilinear form
where we choose i ¼ 1, if m is even, and i ¼ p À 1, if m is odd, and use the induced bilinear form g i on V i . That these forms are nonsingular can be checked using the above explicit formulas for the product structure of the Tate cohomology groups. Now we can state our main result. The proof of Theorem 7 proceeds in several steps. We write H Ã ðZ=p; F p Þ G LðsÞ n F p F p ½t were s and t carry gradings 1 and 2, respectively, and t is the image of s under the Bockstein map. We will consider the Leray-Serre spectral sequence E Ã; Ã Ã ðX Þ with coe‰cients F p associated with the Borel fibration
where X Z=p ¼ X Â Z=p EZ=p. Note that all E Ã; Ã r ðX Þ with r b 2 are (bigraded) modules over H Ã ðZ=p; F p Þ, hence the statement in the following proposition makes sense. Recall that we assume throughout that the Bockstein operator acts trivially on H Ã ðX ; F p Þ.
Proposition 9. For all r b 2, the localized terms E Ã; Ã r ðX Þ½t À1 are finitely generated free graded LðsÞ n F p ½t; t À1 -modules.
Proof. The proof is similar to the proof of Proposition 6, but uses the operators G 2; e from Example 2 in the first section. These are F p ½t-linear, as bðtÞ ¼ 0 in H Ã ðZ=p; F p Þ. Therefore, we get induced operators on E 2þe ðX Þ½t À1 that we denote by the same symbols G 2; e . Let p denote the canonical projection
It is clear that the map
pðxÞ n f ðsÞ 7 ! f ðsÞ G 2; rÀ2 ðsxÞ t is well defined, grading preserving and LðsÞ n F p ½t; t À1 -linear. In an analogous fashion as in the proof of Proposition 6, one proves that f is an isomorphism. Because E r ðX Þ½t À1 =ðsÞ is free over the graded field F p ½t; t À1 , the assertion follows. 
for r A f1; 2; 3; . . . ; yg that lower the bidegree by ð0; 2mÞ and satisfy
if g is odd or if m 0 2m. We will prove the following assertion by induction on r, where the superscript ev denotes restriction to even total degree as before. Proof. First, we prove that the form ðÀ; ÀÞ 2 is nonsingular. Using the decomposition
(cf. Proposition 6), one gets isomorphisms
( (This is usual dimension shifting for the F p ½Z=p-module V Ã pÀ1 ). Using this description, nonsingularity of ðÀ; ÀÞ 2 is checked using the same calculation as carried out for the definition of wðX ; nÞ above. Now let r b 2. We will prove that
with respect to ðÀ; ÀÞ r and that there is a canonical isomorphism Kerðd r Þ=Imðd r Þ G E rþ1 ðX Þ:
These two statements complete the induction step (after restriction to elements of even total degree), cf. [2] , Lemma 1.3. The left hand side in the first statement is contained in the right hand side, because the di¤erential d r is a derivation with respect to the multiplication on E r ðX Þ and because O r ðE Ã; <2m r ðX ÞÞ ¼ 0. The full equality now holds, because both sides in this equation have the same dimension over F p ½t; t À1 . The second statement is shown as follows. The isomorphism f in the proof of Proposition 9 is an isomorphism of di¤erential algebras, if we use the di¤erential d r n id on the left and the di¤erential d r which is induced by the di¤erential on E r ðX Þ on the right. Consequently, f induces LðsÞ- À1 . From this, the assertion is immediate. r
We now recall the localization theorem (cf. [3, 9] ) that in our case states that the inclusion X Z=p ! X induces an isomorphism of graded F p ½t; t À1 -algebras
As before, the grading superscript Ã on the left hand side takes into account that the ideal generated by s is homogenous. cf. Lemma 11. Hence, the form in question is Witt equivalent to the form induced on the quotient of these two modules which is indeed isomorphic to
Z=p be a component of formal dimension n F (which is automatically even). Using the argument in [4] , one can show that the map
is not the zero map, hence an isomorphism. After evaluating at t ¼ 1, this is exactly the orientation that we referred to in the statement of Theorem 3. Using these maps, we obtain a nonsingular symmetric bilinear form on Theorem 7 now follows from evaluating this equation at t ¼ 1.
equivariantly) homotopy equivalent to mapping tori N as described in example 5, if pjz and bðH Ã ðM; F p ÞÞ ¼ 0. For example, the union of the 4k-dimensional components of the fixed set of such an action cannot consist of exactly one point, if p b dim H Ã ðX ; F p Þ and dim N 1 2 mod 4, as wðX ; nÞ ¼ 0 in this case (cf. Prop. 6). Here, n denotes the orientation of the complex X. More generally, let N be an oriented closed smooth manifold of dimension m þ 1 and let h A H m ðN; ZÞ be a nonzero homology class. It is well known that this class can be represented by an embedded oriented submanifold M m ,! N. The space NnM M, whereM M is a tubular neighbourhood of M in N, is an oriented manifold whose boundary is oriented di¤eomorphic to the disjoint union M W M, where M is M with its orientation reversed. We identify these boundary components by a map M ! M of degree Àðz Á p þ 1Þ, where pjz, to get an F p -Poincaré duality complex X. If the Bockstein operator on H Ã ðN; F p Þ is the zero map, any finite dimensional Z=p-CW complex that is (nonequivariantly) homotopy equivalent to X can be studied using Theorem 7.
It is still an open problem, if there is a G-signature formula for Z=p-actions on F pPoincaré duality complexes X without any further restrictions on X. More specifically one might ask, if the theorem in the introduction holds in general, if H Ã ðX ; F p Þ does contain a direct summand Z=p. This generalization seems particularly plausible, if the induced Z=p-operation on H Ã ðX ; F p Þ is trivial.
